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Abstract. In this paper, the boundedness properties for some multilinear operators 
related to certain integral operators from Lebesgue spaces to Orlicz spaces are obtained. 
The operators include Calderon-Zygmund singular integral operator, fractional integral 
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1. Introduction and theorems 

Let b G BMO (7?") and T be the Calderon-Zygmund singular integral operator. The com¬ 
mutator [b,T\ generated by b and T is defined by [h,7’]/(x) = b(x)T f{x) — T{bf){x). By 
a classical result of Coifman ef a/ [6], we know that the commutator is bounded on O’ (/?") 
for \ < p < °°. Chanillo [1] proves a similar result when T is replaced by the fractional 
integral operators. In [9], the boundedness properties for the commutators from Lebesgue 
spaces to Orlicz spaces are obtained. As the development of Calderon-Zygmund singular 
integral operators, fractional integral operators and their commutators (see [7,10,11,15]), 
multilinear singular integral operators have been well-studied. In this paper, we are going 
to consider some integral operators and their multilinear operator as follows. 

Let m be a positive integer and A be a function on R”. We denote that 


R,n+i{A\x,y) = A{x) - ^ ^Z)“A(y)(x-y)“. 

|a|<m “■ 

DEFINITION 1. 

Let T: 5 ^ 5' be a linear operator and there exists a locally integrable function A'(jii:,y) on 
/?" X R" such that 

Tf{x) = f K{x,y)f{y)dy 
JR" 

for every bounded and compactly supported function /, where K satishes, for fixed £ > 0 
and 5 > 0, 


\K{x,y)\<C\x-yr+^ 
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and 

\K{y,x)-K{z,x)\<C\y-znx-z\-’'-^+^ 


if2|y —z| < |x—z|. The multilinear operator related to the integral operator T is defined by 
T\f){x) = I ^!!i0^Kix,y)f{y)dy. 


DEFINITION 2. 

Let Ft{x,y) define on R'‘ x R" x [0, + 0 °). Hence we denote that 

Ftif){x) = [ Ft{x,y)f{y)dy 
JR^ 

for every bounded and compactly supported function / and 


FHf){x)= f 

JR^ 


Rm+i{A\x,y) 
|x —yl™ 


Ft{x,y)f{y)dy. 


Let // be the B anach space and H = {h: \\h\\ <oo}. For each fixed x G /?", we view /v (/) (x) 
and L/' (/) (x) as a mapping from [0, + 0 °) to H. Then, the multilinear operators related to 
Ft is defined by 


S\f){x) = \\Ft^{f){x)\\, 


where Ft satisfies, for fixed e > 0 and 5 > 0, 

|iTi(x,y)||<C|x-yr"+^ 


and 


\\Ftiy,x)-F,{z,x)\\<C\y-zf\x-z\ ” 
if 2|y — z| < |jc —z|- We also define that 5(/)(x) = ||/v(/)(x)||. 

Note that when m = 0, and are just the commutators of T and S with A (see 
[9,12,14,18]). When m > 0, it is a non-trivial generalization of the commutators. It is well- 
known that multilinear operators are of great interest in harmonic analysis and have been 
widely studied by many authors [2-5,7,13]. The main purpose of this paper is to prove the 
boundedness properties for the multilinear operators and from Lebesgue spaces to 
Orlicz spaces. 

Let us introduce some notations. Throughout this paper, Q will denote a cube of R" 
with sides parallel to the axes. For any locally integrable function /, the sharp function of 
/ is defined by 

/(x) = sup / |/(y) - /gldy, 
xeQ \Q\ JQ 

where, and in what follows, /g = /g/(x)dx. It is well-known that (see [8]) 

/(x) « sup inf f \f{y) - c\dy. 
x€Q‘:^C \Q\Jq 
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For 1 < r < oo and 0 < 5 < n, let 


= sup 

xeQ 



l/r 


We say that / belongs to BMO(/?") if belongs to L°°{R'') and ||/|1bmo = ll/l|i°°- More 
generally, let ^ be a non-decreasing positive function and define as the space 

of all functions / such that 


\Q(x-, 


)^)l -foix.r) 


\f{y)-fQ\dy<C(p{r). 


For j3 > 0, the Lipschitz space Lip^ (/?") is the space of functions / such that 


ll/lkipp =sup|/(x)-/(y)|/|x-y|^ <°o. 
x^y 


For f,mf denotes the distribution function of /, that is mf{t) = |{x G /?": \f{x 

Let xj/ he a non-decreasing convex function on /?+ with \i/{0) — 0. Xj/ ' denotes the 
inverse function of xj/. The Orlicz space Lxf,{R'') is defined by the set of functions / such 
that / xj/{X\f{x)\)(bc < oo for some A > 0. The norm is given by ||/||l,^ = inf;L>oA^kl + 
/V/(A|/(x)|)dx). 

We shall prove the following theorems in §2. 


Theorem 1. Let 0<5<n, l<p<n/5 and (p, xj/ be two non-decreasing positive func¬ 
tions on R^ with <p(t) = (^ ”) equivalently Xj/^^{t) = f Sup¬ 
pose that Xj/ is convex, Xj/(0) = 0, Xj/(2t) < Cxj/(t). Let T be the same as in Definition 1 

such that T is bounded from L''(R") to L^{R'‘) for any 1 < r < nj 5 and l/s = ^jr — 
51 n. Then is bounded from LP{R'‘) to Lxf,{R") if A G BMOij,(/?”) for all a with 
I a I =m. 

Theorem 2. Let Q<5<n, \ <p<n/5 and (p, xj/ be two non-decreasing positive func¬ 
tions on R^ with (p{t) = (^ ”) (or equivalently Xj/^^{t) = f Sup¬ 
pose that Xj/ is convex, xj/(0) = 0, xj/(2t) < Cxj/f ). Let S be the same as in Definition 2 

such that S is bounded from LflR") to L^{R") for any 1 < r < n/d and l/s = l/r — 
5/n. Then S"^ is bounded from LP{R") to Lx^{RA if D“A G BMOij,(/?”) for all a with 
I a I =m. 


Remark. 


(i) If (p{t) = 1 and xj/f) = t^ for I < p < then T^ and 5'^ are all bounded on L<’{R'') 
if D“A G BMO(/?") for all a with \a\=m. 

(ii) If v/(f) = and ^(t) = for 1 < p < q < oo^ then, by BMO^/? = Lip^ 

(see Lemma 4 of [9]), and S'^ are all bounded from L>’{R") to L‘^{R") if D“A G 
Lip„(i/p_i/^) for all a with \a\=m. 


2. Proofs of theorems 

We begin with the following preliminary lemmas. 
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Lemma 1. [9]. Let (p be a non-decreasing positive function on and T] be an infinitely 
differentiable function on R" with compact support such that f 77(x)dx = 1. Denote that 
bt\x) = fj^nb(x-ty)ri(y)dy. Then ||^- ^<|1bmo < C^(f)||fe|lBMO^- 

Lemma 2. [9]. Let 0 < j3 < 1 and (p be a non-decreasing positive function on R^ or fi = 1. 
Then \\bt\\upp <Cr^(pit)\\b\\ BMOif- 

Lemma 3. [9]. Suppose \ < p 2 < p < p\ < °°, p is a non-increasing function on R^, B is 
a linear operator such that p{t)) < */ll/||z/n < 1 tind m^j-^{flP'^p{t)) < 

ifWfWm < 1- Then Jq mij(^f){t^/Pp{t))dt < C ifWfWtP < {p/piY^’’- 

Lemma 4. [1]. Suppose that I <r < p < n/fi and llq= 11 p — fi j n. Then ||Mj 3 r(/)||z,« ^ 

cWfWu’. 

Lemma 5. [15]. Suppose that I < r <°o and b G Lip^. Then 
\\{b-bQ)fX2Q\\u < C|e|'/'-||fo||Lip^Mp,,(/)(x). 

Lemma 6. [4]. Let A be a function on R" and G LP(R'‘) for all (X with jaj = m and 
some q > n. Then 

\RUA-,x,y)\<C\x-yr f |Z)“A(z)rdz), 

where Q is the cube centered at x and having side length 5ffn\x — y\. 

To prove the theorems of the paper, we need the following: 

Key Lemma. Let T and S be the same as in Definitions 1 and 2. Suppose that Q — Q{xo,d) 
is a cube with supp / C {2QY and x,x G Q. 

(a) TfO < 5 <n and D^^A G BMO(R")for all a with jaj = m, then 

|r^(/)(x)-r^(/)(xo)| 

<C Y, II^“A||bmo(M 5 i(/)(x)+M 5 p-(/)(x)) forany r>l. 

\a\=m 

(b) IfO < fi + 5 < n andD'^A G Lipj 3 {R^ for all a with jaj =m, then 

\T^{f){x)-T\f){xY\<C Y \\D^A\ftvpMp+8p{f){x)- 

\a\=m 

(c) IfQ < 5 <n and D^^A G BMO^R") for all Ct with jaj = m, then 

WFf'ifm-Ff^iffixofl 

<C Y \\T>‘^A\\BMo{Msp{f){x)-\-Msfff){x)) forany r>l. 
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(d) //0<j3 + 5 < n and D^A € Lipj 3 (/?”) for all a with |a| = m, then 
m\f){x)-F,^{f){xo)\\<C ^ ||D“A|luppM^+5,i(/)(x). 

\a\=m 


Proof Let A{x) = A(x) - ^(D“A)ex“, then Rm+i{A-,x,y) = Rm+i{A-,x,y) and 

D“A = D“A — {D^A)q for |aj = m. Suppose supp / C {2QY and x,x G Q = Q{xo,d). 
Note that |xo — y| ~ l-t; — y| for y G {2QY. We write 


T\f){x)-T^if){xo)= I 

JR 

K{xo,y)f{y) 




K{x,y) K{xo,y) 


+ 


L 


> \xo-y\" 


\x — yY^ \xo—yY 
[Rm{A-,x,y) - Rm{A-,xo,y)]dy 


RmiA;x,y)f{y)dy 


y _L [ ( Kix,y)ix-y)‘^ 

\x-y\"‘ 




:=/ + //+///. 


(a) By Lemma 6 and the following inequality (see [15]), for b G BMO(/?"), 

\bQ^ -bgf < Clog(|e 2 |/|Gl|)ll^l|BMO for Ql C 02, 
we know that, for x € Q and y G with k > 1, 

\RUA;x,y)\<C\x-yr E (l|f^“^llBMO + |(0 “A)e-( 0“A)g(,,,)|) 

\ci\=m 

<Ck\x — yY E Ilf^^AjlBMo; 

\a\=m 


thus 


\I\<C f ( I \x-xof \ 

X |/?^(A;x,y)||/(y)|dy 


<C 


CXD p 

E ||£>“A||bmoE / 

a\=m k=l'^^ 


:-xo\ 


2k+lQ\2kQ \|xo—y|"+' ^ 

\x-xof 


<c 


|xo —y|"+® ^ 

1 


\f{y)\dy 


<C E ||Z)“A|1bmoM5,i(/)(x). 


For II, by the formula (see [4]) 


RmiA;x,y) -RmiA;xo,y) 


E ^^m-|T]|(£>'’A;x,xo)(x-y)’’ 
\ri\<m '' 
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and Lemma 6, we get 


Jr''\ 2Q \xo—y\'"^" ° 

<c E iio“''iibmoX;L 

|ahm ^tl-^2*+le\2^e |xo-e|"+^ * 

<C ^ ||D“A||bmoM5,i(/)(x). 


I/Wldy 


For ///, similar to the estimates of I, we obtain, for any r > 1 with l/r+l/r'=l, 


|///|<C^ 


:-xo\ 


r-xol*^ 


«"\ 2 e V ko-El"+' ^ ^ 

x|D“A(y)-(D“A)e||/(y)|dy 


<C 




l/r 


< C ^ ||D“A||BM0Af5^r(/)(-^)- 


Thus 


|r^(/)(x)-7'^(/)(xo)| 


<C ^ ||D“A||BMo(M5a(/)(x)+M5,,(/)(x)). 

|a|=m 


(b) By Lemma 6 and the following inequality, for b G Lip^, 

\b{x)-bQ\ < |L^||fo||Lip^|x-y|^dy< ||fo||Lipp(|x-xo| 


|/?m(A;x,y)| < ^ ||z)“A|iup^(|x-y|+«fr+^ 

|a|=m 


we get 
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thus 




\x-xo\ 


^"\2e \ l-^o —^ 

|x-xo|® 


\xQ-y\m+n+^-8 
OO p 

<C ^ ||£>“A||Lip^ E ^,+1 

\a\=m 4=1''^ 


\Rm{A-,x,y)\\f{y)\dy 
\x-xo\ 


e\2*e Vko-y|"+' ^ ^ 




<C^ ||D“A|jLip„i;(2-'+2-'^)- 


|2''+'g|i-(/^+^)/” j2*+ie 

<C ^ ||D“A||up^M^+5,i(/)(x), 


|/?m(A;x,y)-/?m(A;xo,y)| 


^ ^ Ir"\2q I^cq —^ 

OO « 

'^**‘^‘'’'*i?i-/2^+‘e\2*e |xo - 


\fmy 

\x-xo\ 


\f{y)\dy 


<C ^ ||Z)“A||up^M^+5,i(/)(x) 

\<x\=m 

Jr 


V |xo —^ ^ 1-^0 —^ ^ 

x|D“A(y)-(D“A)e||/(y)|dy 

1 


<C^ ||D“A|lLip ^(2-^+2-'^^) 


/t=i 


|2<:+lQ|l-{/5+5)/n J2*+Ie 




<C ^ ||0“A||up^M^+5,i(/)(x). 


Thus 


|7'^(/)(x)-r^(/)(xo)|<C ^ ||D“A|lup^M^+5.i(/)(x). 

|a|=m 

Similar argument as in the proof of (a) and (b) will give the proof of (c) and (d), and so 
we omit the details. 

Now we are in position to prove our theorems. 

Proof of Theorem 1. We prove the theorem in several steps. First, we prove 

{T^if)f<C ^ \\D"A\\sMo{M5,iif)+MsAf)) 

\a\=m 


( 1 ) 
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for any 1 < r < n/5. Fix a cube Q = Q{xo,d) and x G Q. Let A{x) = A{x) — 
I|a|=m We write, for /i = fXiQ and fz = fXR'-\ 2 Q, 


JR 

-L 


Rn |x-y|'” 

Rm+\{A-,x,y) 
'rh | x - y |'" 

Rm{A-,x,y) 
'ri Ix-yl™ 


L 


K{x,y)ny)dy 

Kix,y)f2iy)dy 

Kix,y)fi{y)dy 


1 f K{x,y){x-yy 


L — I 

al jRn 


:-yY‘ 


■£>“^(y)/i (y)dy, 


then 


|7'^(/)(x)-r^(/2)(xo)| 


< 





+ |r^(/2)(x)-r^(/2)(xo)| 


:=h{x)+h{x)+h{x), 


thus, 

/ \T^{f){x)-T'^{f2){xa)\dx 
\Q\ JQ 

- ii ra /e 

:=fi +/2 + f3- 

Now, for xGQ and y G 2Q, using Lemma 6, we get 
Rm{A-,x,y)<C\x-y\”' ^ ||£>“A||bmo- 

\a\=m 

Thus, by the (L'',L'*)-boundedness of T for l/s = Ijr — 5 jn and Holder’s inequality, we 
obtain 

/i<c ^ ||d“a|1bmo^ / |r(/i)(x)|dx 

|ahm 121 JQ 

\a\=m 

<C ^ ||f)“A|jBMol!/i||LHer2^<C ^ ||D“A||bmoM5,,(/)(x). 

|oj|=m \a\=m 
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For h, taking ^ > 1, Z > 1 such that 1/s = Ijq — djn and denoting r = ql, by the {Ld^U)- 
boundedness of T, we gain 


/ 2 < 7 ^/|r( ^ (D“A-(D“A)g)/i)(x)|dx 

'^2 \a\=m 

E / |r((z)“A-(D“A)e)/i)(x)rdx 


<c\Q\-^l^ E ll(^“A-(Z)“A)e)/i||w 

\a\=m 

E / |i)“A(y)-(D“A)eKdy 

l4-^VlG|ie 

<C E ||Z)“A||bmoM5^,(/)(x). 


For / 3 , by using Key Lemma, we have 

/3<C E ||O“A|iBM0(M5a(/)(x)+M5,,(/)(x)). 


We now put these estimates together, and taking the supremum over all Q such that x&Q, 
we obtain 

{T\f)f{x)<C E ||Z)“A|1bmo(M5,i(/)(x)+M5,,(/)(x)). 


Thus, taking 1 < r < p < n/5, Ijq = Ijp — djn and by Lemma 4, we obtain 

llr^(/)l|L.<c|l(r^(/)flU, 

< C E II^“^I1 bMo(II^ 5 ,i(/)I|l‘? + ll^5,r(/)l|L‘?) 


<C E \\D“A\ 


BMOll/IlL/'- 


Secondly, we prove that, for D“A G Lip^ (/?”) with |a | = m, 

{T\f)f<C E l|i)“A||up^(Mp+5,.((/))+M^+5.i(/)) 


for any 1 < r < n/(fi + 5).ln fact, by Lemma 6, we have, for x G Q and y G 2Q, 
|f?m(A;x,y)| < C|x-yr 

E sup|D“A(z)-(D“A)e|<C|x-yr|e|^/« E ll^“^llLipp 

\a\=m^^^Q \a\=m 


X 
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and by Lemma 5, we have 

||(D“A-(D“A)2e)/z2ellL^ 


< 




lA 


\Q\l-rl3/n Jq' 

by the (L'',L^)-boundedness of T for 1/s = 1/r— 5/n, we obtain 

tLJ \T'^{f)ix)-T^if)ixo)\dx 


< 


(-A;x, *) 


IGI 


iH. 

— /E — 


flj (x) 

{x--Y 


dx 


■D“A/i (x) 


dx 


+ t4 / |7’'^(/2)W-7’''(/2)(xo)|dx 
IGI Jq 


|r(/i)(x)rdx 

lA 


lA 


1 ^ ^ I A'' (/ 2 ) (x) - ifz) (xo) |dx 

WfiWu 


\Q\Jq 

<C ^ ||Z)“A||Lip^ 


\Q\l/r-{P+S)/. 

E 1^ - (z)“A)e)/(x)z2eWrdx 


lA 


+ ^ / |7'^/2)(x)-r^(/2)(xo)|dx 

IGI 


<C ^ l|i)“A|lLip^(Mp+5,i(/)(^)AMp+5,,(/)W)- 

|a|=m 


Thus, taking 1 < r < p < n/{j3 + d), l/q=l/p — {j3+d)/n and by Lemma 4, we obtain 


llr^(/)IU,<c|l(r^(/)flU, 

<c ^ ||z)“a|1up^(||m^+v(/)IU- + II^/5+6,i(/)IIlO 

\cc\=m 

<C ^ ||Z)“A||up^||/lk.. (4) 

\cc\=m 


Now we verify that T'^ satisfies the conditions of Lemma 3. In fact, for any I < Pi < 
n/(j3 + 5) with l/s,'= Ijpi-Sln, l/qi = l/p, - (j3 + 5)/n {i = 1,2) and WfWin < 1, 
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note that T^{f){x) = ^''{f ){x) + T^''{f){x) andD“(Ar) = (D^A)r. By (2) and Lemma 

1, we obtain 

\\T^-^^{f)\\L‘.<C ^ ||Z)“(A-A,)|!bmo||/||l/>-- 

\a\=m 

<C ^ ||D“A-(D“A),|jBMO 

\a\=m 

^ ||D“A||bmo<p^W- 

\a\=m 

and by (4) and Lemma 2, we obtain 

\\T^^{f)\y.<CY. ||P“A).||Lip^||/IU/',-<Cr-^(p(r) ^ ||Z)“A|1 bmo,• 

\a\=m \a\=m 


Thus, for r = f 






<c 


( (P(r) ] 


I r ^(p{r) 


‘in 


= cr\ 


Taking 1 < S 2 < f < «/(j3 + 5) and by Lemma 3, we obtain, for ||/||lp < (p/si)*/^. 


^^r(|7’^(/)WI)dJc = ^ mTA(f){w \t))dt<C, 
thus, ||7 ’'^(/)||l^ < C. This completes the proof of Theorem 1. 

Proof of Theorem 2. Let Q, A(x), f\ and fi be the same as in the proof of Theorem 1, we 
write 


JR 

-L 


+ 


Rn Ix-yl™ 

Rm+i{A-,x,y) 
fn jx-yl™ 

Rm{A;x,y) 


L 


> \x-y\” 


Ft{x,y)f{y)dy 

Ft{x,y)f{y)dy 

F{x,y)fi{y)dy 


L — I 

a ! jRn 


Ft{x,y){x-yY 




■£>“A(y)/i (y)dy, 
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then 


(/)W - {h)(xo )|dx 



+ T^ / \\P^i.f 2 )(x)-F^{f 2 )(xQ)\\Ax. 

IGI Jq 

Using the same argument as in the proof of Theorem 1 will give the proof of Theorem 2. 
Hence we omit the details. 


3. Applications 

In this section we shall apply Theorems 1 and 2 of the paper to some particular operators 
such as the Calderon-Zygmund singular integral operator, fractional integral operator, 
Littlewood-Paley operator and Marcinkiewicz operator. 

Application 1. Calderon-Zygmund singular integral operator 

Let T be the Calderon-Zygmund operator (see [5,8,16]). The multilinear operator related 
to T is defined by 

r^(/)(x) = J ^^^^0^Kix,y)fiy)dy. 

Then it is easy to verify that Key Lemma holds for with 5=0, and thus T satisfies the 
conditions in Theorem 1. The conclusion of Theorem 1 holds for with 5=0. 


Application 2. Fractional integral operator with rough kernel 

For 0 < 5 < n, let Tg be the fractional integral operator with rough kernel defined by (see 

[1,7]) 


Tsm = I 

Jr 


—y) 

|x — 


f{yW 


The multilinear operator related to Tg is defined by 


tm = I 

Jr^ 


Rm+iiA;x,y) 

\x-y\m+n-S 


^{x-y)f{y)<iy, 


where Q. is homogeneous of degree zero on/?”, Q.{x^)da{x') — 0 and LI £ Lipg(5” 

for some 0 < e < 1, that is there exists a constant M > 0 such that for any x,y £ 5"^', 
|a(x)-a(y)| < M\x — y\^. Then Tg satisfies the conditions in Theorem 1. Thus, the con¬ 
clusion of Theorem 1 holds for T^. 
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Application 3. Littlewood-Paley operator 

Let e > 0, n > 5 >0 and y/ be a fixed function which satisfies the following properties: 

(1) |v/(x)| <C(l + |x|)-(”+i-^), 

(2) iv/(x + y)-V^WI <C|y|®(l + |x|)-("+'+'=-^), when2|3;| < |x|. 

The multilinear Littlewood-Paley operator is defined by 


a oo c\t \ 


where 


^;^(/)W= / 

Jr^ 


Rm+i{A-,x,y) 
\x — y\"‘ 


¥t{x-y)f{y)dy 


and xj/fix) = t for t > 0. We write that Ft{f) = %* f- We also define that 


a oo Af 

\Fi{f){x)\^j 




J 


which is the Littlewood-Paley g function (see [17]). 

Let//be the space H — {h: \\h\\ = (/J° \h{t)\^dt/t) < oo}, then, for each fixed x € /?”, 

Ft^if){x) may be viewed as a mapping from [0, + 0 °) to H, and it is clear that 

8v{f)ix) = \\Ftif)ix)\\ and g^(/) (x) = ||/v'^(/)(x)||. 


It is only to verify that Key Lemma holds for g'^. In fact, for D“A e BMO(/?") with 
|a| = m, we write, for a cube Q — Q(xo,d) with supp / C (20)'^, x,x € Q — Q(xo,d), 


F^{f){x)-F,\f){xo) 


f f Wtjx-y) 
Jr” V jx-yj'" 


Vt(xo-y) \ 

|xo-y|'" J 


Rm(A;x,y)f(y)dy 


+ iFm{A-,x,y) - R„{A-,xo,y))fiy)dy 


y [ ( (x-y)“Wt(x-y) 


(xo-y)“Wtixo-y) 

|xo-y|'" 


X D“A(y)/(y)dy 


J 1 +J 2 + 73 . 
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By the condition of if/ and Minkowski’s inequality, we obtain, for any r > 1, 


ll-/i||<C 


L 


\Rm {Mx,y)\\f(y)\ 

Ixo-yl™ 


/."( 


t\x-XQ\ 


_vh«+l-5 


<C f 

•^(22)^ V I 


\x-xq\ 


ko-y|(f + ko-y|) 

f|x —xo|® \^df 
(f + |xo-y|)"+'+®-^j t 

\x-xo\^ 


1/2 


dy 


|;C0-3;|m+«+l-6 |;^Q_3;|m+«+£-6 

X \Rm{A;x,y)\\f{y)\dy 
<C ^ ||D“A||BMoM5a(/)(x), 


CO p 

h\\<C ^ ||£>“A||bmo^ / 

„i_ 


\X-XQ 


^tl-^ 2 *+i\ 2 *e |xo-y|"+ 

< C||D“A||bmoA^6,i(/)(-^), 


1^5!/()') |dy 


\a\=m 

-.a 


oo 

II-'jIIsc I EL 


\a\=mk 


|x-xo| 


|x-xoi 


/2*^+1\2*:Q \ |xo — y|”+' ^ ^ 

x|D“A(y)||/(y)|dy 
<C ^ ||D“A||bmoM 5 ,,(/)(x). 

\a\=m 

Similarly, for D“A G Lipj 3 (/?”) with |a| = m, we get 

||fy^(/)(x)-fy^(/)(xo)||<C ^ ||Z)“A|lLip^Mp+5,i(/)(^)- 

|a|=m 

From the above estimates, we know that Theorem 2 holds for g^. 

Application 4. Marcinkiewicz operator 

Let 0 < 5 <n,Q < e <l and Q. be homogeneous of degree zero on R” and f^n-i i2(x')do'(x') 
0. Assume that LI G Lip^(S"^^), that is there exists a constant M > 0 such that for any 
x,y g 5"^', |a(x)-a(y)| <M\x — y\^. The multilinear Marcinkiewicz operator is defined 
by 


2(/)W=( 


, df 


1/2 


where 

Ft 

We write that 

Ft{f){x) = [ 


t^J ’ 
n(x-y) Rm+iiA;x,y) 


\x~y\<t |x-y| 


n—1 —5 


:-y|« 


fiy)dy. 


\x^y\<t |x-y| 
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We also define that 

/ /'OO H/ \ 

which is the Marcinkiewicz operator (see [18]). 

Let H be the space H = {h: \\h\\ = (/J° |h(f)pdf/f^) < oo}. Then, it is clear that 

lln{f)ix) = \\F,if){x)\\ and (/) (x) = 11 Ff' (/) (x) 11. 


Now, it is only to verify that Key Lemma holds for In fact, for D“A G BMO(/?") with 
|a| = m, a cube Q = Q{xo,d) with supp/ C (20)'^, x,xGQ = Q{xo,d) and r> 1, we have 


||l;^(/)(x)-l;^(/)(xo)|| 


< 




■i 


Q.{x-y)RmiA-,x,y) 
-y\<r |x-y|'”+"-'-^ 

D.{xo-y)RmiA;xo,y) 


fiy)dy 


f(y)dy 




W-y\<t |xo-y|“+«-'-^ 

i2(x-y)(x-y)“ 


.LUX 


L 


rl<A |x-y|'«+«-i-^ 
i2(xo-y)(xo-y)“ 


D“A(y)/(y)dy 


< 


ho-ri<* |xo-yr+”-i-^ 

\Q.{x-y)\\Rm{Mx,y)\ 




r f 

^Jo lJ\x 

/ POO n 

^ \ Jo Jh 


r / 

Jo J\x 


x^y\<t,\xa-y\>t |x-y|'"+" ' ^ 

l^(^o-y)ll^m(A;xo,y)| 
\J\x-y\>t,\xa-y\<t |xo — 

Q.{x-y)Rm{A-,x,y) 


\fiy)\dy 




\f(y)\dy 




\^-y\<t,\^o-y\<t 

i2(xo-y)/?m(A;xo,y) 


_-.Jm+M—1 —5 


ko-y| 


f{y)\dy 


_ y^m-\-n—l — 5 
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+ L 

\a\=m 



\x-y\<t 


^ Ll{x-y){x-yr 


■/ 

Jh 


\xa-y\<t 


^2(xo-y)(xo-y)“ 

\xQ-y\m+n-l-8 


D^A{y)f{y)dy 



1/2 


: — L\-\- L 2 + L 3 + L/\. 


and 


Li <C 


L 


\fiy)\\RmiA-,x,y)\ 


<c 


<c 


'Rn 

\f{y)\\Rm{A-,x,y)\ ( 1 


■-y\<t<\xo-y\ ) 


L 


|x —^ ^ \k~Jp 1 -^ 0 —Jp 
\f{y)\\RmiA-,x,y)\ |xo-x|'/^ 


dy 

1/2 


dy 


L 


{IQY |x —y|'”+" * ^ |x — 
<C ^ ||0“A|1bmoM5,i(/)(x). 


dy 


Similarly, we have L 2 < C'£\a\=m II^“A||bmoM 5 1 (/)(x). 
For L 3 , by the following inequality (see [18]): 


Ll{x-y) Ll{xo-y) 


|x-y| 


n —1 —5 


ko-y| 


71—1 — 5 


<c 


c-xol 


r-xor 


we gam 


L 3 <C ||71“A||bmo J 


|xo-y|” ^ |xo-y|” ^ ^+ry ’ 

x-xol |x-xo|^ 


\ny)\dy 

<C ^ ||D“A||bmoM5,i(/)(x). 


(2(2)A|xo-y|" ^ |xo-y|" ' 

df \'/2 


For L 4 , similar to the proof of Li, L 2 and L 3 , we obtain 

/ |x-xo| 


L 4 < C 


£ 

a\=mk=l 


:-xor /2 


2t+lQ\2*Q y |xo —y|”+^ 5 |;fQ_y|n+l/2 5 

|x-xo|’' 


\xo-y\'‘+r- 


■-S 


|D“A(y)||/(y)|dy 


< C ^ ||D“A||BM0Al5,r(/)(x). 
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Similarly, for D“A e Lipj 3 (/?”) with |a| = m, we get 

\\Ff{f){x)-F^{f){xr,)\\<C ^ ||Z)“A||Lip^Mp+ 5 ,i(/)(x). 

\a\=m 

Thus, Theorem 2 holds for 
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